
Sites

Motivation:enlarge the notion of top spaces to arbitrarycategories

(to define sheaves, achomology, etc.)

Def. AGrothedieck topologyon a category - consists of:

for each X -Cbj(t),
=
setCor(X) consisting of coverings of X

(2Xi -X32ez)st.

( X-Xiso: (X'-X)eCor(X)
(2) V9Xz -X3iez =Co(X), Y -X:

X= xxy exist & 9xixxY -Y3izz -Car(Y)

(3) 2Xi+Xyiez-Ca(X),(Xij -Xi3j0z; -Car(Xi):
9xij - Xi -X3i1,jez;ECar(X)

Size =

categoryw/ a Grothediack topology

Ex. (1) (top spaces) X top space.

Op (x) w/ Car(U) =990: +03/.%v=W3
(2) (small etale site) Xscheme.

category Xie
Objects:U

-> xetale

Morphisms:X-morphisms
Car(u +x) =190 -Vexc3/5Ui -V sun]

(3) (big tale site (Schee))

Sch w/ Car(X) =93U: - X itale3/ Ui -> X surj.]
(similarly, can define Schear, Scheppf. Schepge, Schlis-et

(4) 2 size, SC(bj(I) => e/s site

Ican define (Sch/s)ez. (scn/s)
zar. (Sch/s)foot.(seh/s)f83)

Remark. Ignore set - theoretic issues!



Presheaves and sheaves

Bef. Apresheaf on a category is a controveriantfunctor [8-> Set.

Def. Ashelf on a site is a present F:28 -> Sets.t.

-

StObj(e), [Si -SYECor(s):

F(s) -IF(Si) =HF(SiXsSj) exact

Erop. F preshect on Sch. F is a shelf on Scheeiff

(1) Fsheaf on Schzar

(2)
*Sis

surjetale morphism of affire schemes:

F (s) -F(S) =>F(Sxs 5) exact.

-rop. Anyrepresentable functor on Sch/s is a sheaf on (Sch/s)ex.
(Slogan:9 Schemes3 C9Sheaves3)

P Suffices to show hx =Mars(-, x):Sch/s -> Setis a sheaf.

(1) is true bygluing of morphisms. (On Zaviski
open subsets)

For (2), need to show VY-T surjetcle morphism of affine schemes :

Mars (T,X) ->Mars (T,X) =>Mars (Tx-T',X) exact.

(tree byDescenttheory!)
A

Bef. Amorphism of preshaves/sheaves is a natural transformation of functors.

GivenF-G,G-G morphisms,

define presheaf FXaD:28- Set

(S +F(S) XG(s)G'(s))

Erop. (a) FX-C fiber productin Pre(t)=Fun (28, Set).
Category of presheaves)

(b) If I site & F, G, G'sheaves, FXGG' also sheaf.

In particular, FXG' fiber productin Sh(t).
(category of sheaves)



Theorem. (Sheafification) I site. Sh(Z) 4PreCE) has a left adjoint FIESh.

Remark. We can define sheaves of abebian
groups, wings, 8-modules similarly.

I(sheaf of rings)
Prestacks

Motivation (from lasttime);we want - Sch s.t.

(a) pullbacks exist (& unique up to isol

(b) each fiber category (C(S) is a groupoid (automorphism data-

↳Objects above S, morphisms above ids)
Def. Afunctor pix- t is a prestack over a category ife

(1) (pullbacks exist) (2) (universal propertyof pullbacks)

-
I!=

...---> a c. . - - - -b-a

I I I I I
- ,s u+T-S

b. 8In the diagram of (I), pullbacks existuniquely up to unique is.

(write b as fra or als to indicate a choice of a pullback)
② Fiber categories (CCS) are graupoids.

More generally, any
bya above iso TES is TSO.

③ After a fixed choice of pullbacks, any map thatinvolves pullbacks
and satisfies certain commutativity conditions is uniquely defined.

Ex'+7 fia.... fa
-1 If ore ↓ 01
S' +S a-a

I

We denote the unique map f'*a'- ffa as 91.



Bef. (1) Amorphism of prestacks over t is a functor fix- y

St. -4 strictlycommutes. (equalityoffunctors
PxX(py
z

(2) If f,g:7) -4 are morphisms of prestacks over ,

a 2-morphism x:fg is a natural transformation s.t.

VaG(bj():de:f(a) ->g(c) in 1 is over idpoles in e.

Any 2-morphism is a natural isomorphism.

f

x =y
I

(3)(X,1) categoryobjects:morphisms of prestacks 2-4L
Lalways a grapoid! Morphisms:2-morphisms

(4) \
menomorphism

f:X-1 maphism ofprestacks is a epimorphism

isomorphism

\
fullyfaithful

if f is essentially surj.

equire of categories

mon=> USGObj(C):restrictions fs:(((s) ->1(5) fullyfaithful
iso <>

E

g:7
-x,2-isos g of Zida, fog ide

Ramark. We could define the 2-category of prestacks, butchoose not to

3 we wantto replace identities by isomorphisms in certain notions

thatappear frequently.(incorrectlystandone
We will work in the 2-cetegoryof prestacks!

A2-commutative square diagram is a diagram

x', 2'

60xe togetherw/ a 2-isomorphism d: gof' = fog'.



Examples of prestacks

(17 (Epresheares] < Sprestacks3)
F:28-Setpresheaf
=>prestack (C5 Objects:pairs (a,5) s.t.StObj(e), a (F(s)

Lover 2) 9
Morphisms:a map (a',s) -> (a,s) is fis-s

s.t.a' =f*a

xz -2((a,s) s)
In fact, presheaves prestacks s.t. K(s) are sets

Mar(F
, G) *Mor (x2,xe)

(2) (Sschemes3 < Gprostacks3 ) I
*This example holds for

any IApplyhis to schemes. Scheme S category, notjustsch

=>

prestackase Objects:is morphism ofschemes (objectover
Morphisms:a map (7'- S) -> (T ->s) is T

-

T

S.t.Y- T
75y

(3) (prestacks of smooth curves)
an objects:familyof curves I-s (objectover 5)

Cover Sch) [
Morphisms:a map (2'-s') -(z ->s) is

2

2:2-e,fis -g S.t.
3
-

e

↓,,
f

Mg =full subcategory of all consisting of familyofcurves of
genus gCover Sch)

14) (prestacks of coherentsheaves/VBs)

FixC/k =Tsm prog can curve.

Ech(c) & Objects:pairs (E,S) s.t. SECbj(Sch/k), EECoh((x,,S) flax/s
Cover Sah/1) Morphisms:a map (E',s) +(E,s) is fis' -s&

E-> (idx f)xE' whose adjointis iso

Similarlydefine subcategories Bu (D), hr,d(C), Burr, d (C).

Creator bundles/fixed rank r, degreed)



15) (Quotientprestacks and stocks

Def. G -S fppf affine group scheme over

Aprincipal G-bundle over an S-scheme T is a scheme P

with G-action 8: GXsP ->P S.t.

\
(a) P-T G- invariant fppf morphism

(b)(8,pr):GXsp -px- p((g,p)-(gp,p)) is iso

(IEetale cover 7' -T st.pX
-
T =GXsT)

Remark. This nation is a generalization of trivial bundle (xs] -T.

We need itto define an object (stack) thatsatisfies

gluing condition. (Eluing of trivial bundles is notnecessarilytrivial!)

Setting G-S smooth office group scheme
acting on scheme U over S.

Quotientpresteck:

[U/]Pre Objects:nCU(T) (objectover 7\lover Saints) Morphisms:a map (u'eU(T1)) -> (neU(T)) is

fi7+1&rtG(T)st.u =v.(uof).
Quotiantstack:

[u/z]
lover Sch/s) \

Objects:- where P->> principal G-bundle
& p-V G-equivariant morphism

(objectover T)

Morphisms:a map(-V) -( y r)is
T'-T & G-equivariantmorphism p' ->p

&-

p-p -u
5.t,

↓
Al
3-T



16) (Classifying stack)

GS smooth affine group scheme.

BG

\Cover schys) objects: principalG-bundlesonobject areseen a
G-equivariant morphism p' -> p S.t.

pi -> p

↓ nt
3 -T

Remark. This is a special case of quotient stack when U = S.

The 2-Yonedo Lemme

mma. It prestack over category2, and SCObj (T).

The functor MCR(S,x) -x(s) (ftf (ids))
is an equivalence of categories.

P. Need to show that itis fullyfaithful and essentiallysubjective.

(fullyfaithful) Need to show Mor (f, g) -> Mor (f (ids), glids)) bij.

(inj) Suppose 4,X:fg satisfiesdids =Yids =a.

v

(h =T -s)c0bj(s):
(of(h+ids)

->
7!

f(h)....>g(h) -> g(ids)

I I
37 π
]

Byuniqueness, An =4h.

(surj.) For any atMor (flids), glids), we can use same diagram
to getmaps :f(h) -> g(h), which glues up to

&:f - g & grec.



lessentiallysubjective) Take anya
<- K(S) and choose pullbacks he

for all (h =7 -5/20bj(s).

We can define the morphism f:5-H as

· (h = 7 +5)1 1*a

·((T 'Es) -( TEs)) - (h*a -ha) defined by

->
('Xa -.

E11hta -> a

I I
T+ +-

Then MOR(S,x) -x(S)

f 1- Cidsa Ea.
M

Exercise. If it is a presheaf, both MCR(S, (C) and (((s) are sets

and the statementrecovers the Yaneda Lemme.


